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1. The three variables with the PCT subscript are measures of poverty.

a. Use an F-statistic to test the null hypothesis that the associated coefficients are jointly equal to zero.  Use a 95% level of test.

F = ((69430.47-29722.53)/3)/(29722.53/(420-8)) = 183.5,   Critical F = 2.63

( Reject the null that the set of three coefficients are all zero.
b. Test the same hypothesis using a likelihood ratio test at the 95% level.

LR = -2(-1668.59-(-1490.43)) = 356.32, same critical F ( Reject the null.

c. Are teachers and computers equally productive in this model? Test this at the 90% level. 

This is a linear combination of random variables; a t-test.
t = .021- .003/(.001049+.0000078-2(-.0000336)) = .018/.001124 = .541, critical t = 1.65 ( do not reject the null that these two coefficients are equal.

It can also be done as an F-test.

2. Replace the three variables ENRLTOT, TEACHERS and COMPUTERS by the pair of variables COMP_STU (number of computers per student) and TEACHERS/ENRLTOT (Teachers per student. Do not use STR). The new model, call it ω1, is specified as

Testscr = βo + β1(TEACHERS/ENRLTOT) + β2COMPUTERS + β3ELPCT + β4MEALPCT + β5CALWPCT + β6AVGINC + ε 
Another new model called ω2 is specified as

Testscr = βo + β1TEACHERS + β2(COMPUTERS/ ENRLTOT)+ β3ELPCT + β4MEALPCT + β5CALWPCT + β6AVGINC + ε 
Yet another new model called ω3 is specified as

Testscr = βo + β1(TEACHERS/ENRLTOT)  + β2(COMPUTERS/ ENRLTOT)+ β3ELPCT + β4MEALPCT + β5CALWPCT + β6AVGINC + ε 
a. Estimate the coefficients of the three models and report the results in a table.

The results are in the table as columns 3, 4 and 5.

b. Report the value of the log likelihood for each of the three models.

The log likelihoods are at the bottoms of the columns. Respectively, 

	-1488.70
	-1488.67
	-1486.80


c. Would it be appropriate to choose a particular model as “best” on the basis of the log likelihoods? Explain, briefly.

It would not be appropriate since the models are not nested alternatives. 

In ω3 are teachers and computers equally productive? Test this at the 99% level
Another t-test based on a linear combination.

Numerator = 170.5706 - 13.5918 = 156.9787

Denominator = (7555.521+46.7566+2*152.521)1/2 = 88.923

t = 156.9787/88.923 = 1.76 

Critical t = 2.58 
( Do not reject the null.

3. Another proposed model is 

Testscr = βo + β1(TEACHERS/ENRLTOT) + β2(TEACHERS/ENRLTOT)2  + β3(COMPUTERS/ ENRLTOT)+ β4(COMPUTERS/ ENRLTOT)2 +β5ELPCT + β6MEALPCT + β7CALWPCT + β8AVGINC + ε 
a. Estimate the unknown coefficients and report the results.

The results are in the table in column ω4.

b. From your results are returns to teachers per student increasing, constant or decreasing?

For the sign pattern, returns to teachers are increasing at a decreasing rate; there is diminishing marginal product.

The marginal product of teachers per student is MP = 614.38 - 2*4196.93*T/S.  If we evaluate this at the smallest, median and largest value of T/S we get the result in the following table.  To be complete we should do a t-test for each of the three realizations of MP.  Those test are reported in the last row of the table
	
	min
	median
	max

	MP
	289.03
	188.79
	14.81

	t-test
	289.03/295.05 = 0.98
	188.79/102.212 = 1.85
	14.81/354.92 = .04


An F-test for the joint significance of the coefficients on teachers is F=1.891 against a critical value (0.95) of 3.02 leads us to conclude that we should not reject the null that the two coefficients are both zero. 
c. From your results are returns to computers per student increasing, constant or decreasing?

We'll do the same thing for computers that we did for teachers.  For the sign pattern, returns to teachers are increasing at a decreasing rate; there is diminishing marginal product.

The marginal product of computers per student is MP = 26.85 - 39.83*C/S.  Evaluating MP and the accompanying t-statistic at the smallest, median and largest C/S gives the following table
	
	min 
	median
	max

	MP
	26.851
	16.856
	-6.675

	t-test
	26.851/21.725 = 1.236
	16.865/8.585 = 1.963
	-6.675/31.925 = -0.21


The F statistic for the joint significance of the computer coefficients is 2.153. Again, don't reject the null. 
d. Teachers per student and computers per student are two factors of production.  The other variables are control variables. Given your empirical results are there decreasing, constant or increasing returns to scale?

This is easier than the two questions about marginal product.  Given the functional form, there can only be one answer to this question.  Namely, there are decreasing returns to scale.  Consider the following generalization in which Q (testscr) is output, K is capital (computers per student), L is labor (teachers per student), and M is all other inputs and controls.

Q = M + aK + bL

Double all of the inputs and define the result to be Q*.

Q* = M + a(2K) + b(2L)

You can see that Q* ≠ 2Q.  

	
	Model

	
	Ω
	Ωrestrict
	ω1
	ω2
	ω3
	ω4
	ω4a
	ω4b

	Constant
	663.70

(310.71)
	827.54

(407.97)
	652.87

(141.73)
	661.49

(293.77)
	653.85

(146.87)
	641.21

(23.39)
	660.15

(246.03)
	638.61

(23.26)

	Enrl_Tot
	-0.001

(-0.97)
	0.001

(.75)
	
	
	
	
	
	

	Teachers
	0.021

(0.65)
	-0.072

(-1.48)
	
	-0.0009

(-0.38)
	
	
	
	

	Teachers/Students
	
	
	224.34

(2.57)
	
	170.57

(1.96)
	614.38

(0.59)
	
	771.50

(0.75)

	(Teachers/Students)2
	
	
	
	
	
	-4196.93

(-0.43)
	
	-5210.767

(-0.54)

	Computer
	0.003

(1.09)
	0.009

(2.13)
	0.0004

(0.43)
	
	
	
	
	

	(Computer/Students)
	
	
	
	16.65

(2.48)
	13.59

(1.98)
	26.85

(1.24)
	34.28

(1.60)
	

	(Computer/Students)2
	
	
	
	
	
	-39.83

(-0.64)
	-51.91

(-0.84)
	

	EL_pct
	-0.21

(-6.01)
	
	-0.21

(-6.08)
	-0.19

(-5.68)
	-0.19

(-5.87)
	-0.19

(-5.90)
	-0.20

(-6.17)
	-0.20

(-6.25)

	Meal_pct
	-0.36

(-9.92)
	
	-0.36

(-10.10)
	-0.36

(-10.18)
	-0.37

(-10.36)
	-0.36

(-10.20)
	-0.36

(-10.15)
	-0.36

(-10.12)

	CALW_pct
	-0.06

(-1.16)
	
	-0.07

(-1.31)
	-0.05

(-0.89)
	-0.06

(-1.09)
	-0.06

(-1.11)
	-0.05

(-0.93)
	-0.07

(-1.30)

	AVGINC
	0.71

(8.51)
	1.88

(20.95)
	0.67

(7.93)
	0.71

(8.58)
	0.66

(8.00)
	0.67

(8.01)
	.70

(8.61)
	0.67

(8.12)

	Residual Sum of Squares
	29722.53
	69430.47
	29479.15
	29474.75
	29213.08
	29165.76
	29434.21
	29471.37

	Log Likelihood
	-1490.43
	-1668.59
	-1488.70
	-1488.67
	-1486.80
	-1486.46
	-1488.38
	-1488.64

	Adjusted R2
	.80
	.54
	.80
	.80
	.80
	.80
	.80
	.80


